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APPENDIX are able to derive the relations
The purpose of this Appendix is to give a few mathe- 0T Bo\12
matical properties of the matrix elements Jaa(g). This __" "=< ) L4121 — 12T g ny], (A3)
quantity is defined by (2.13) and can be put in the form dq 2mw, ’
nI\Y2/ hig? \1v=m hg?
Tunl)= <~) ( ) (w-n- )JM@
n'! 2mew. 2me,
Mexp— L ( L ), @b N\
exp— A" 1 - 2y, vey,,
47}1(,)6 mec ) <2mwc> [(n-i—l) Jn ,n+1+n Jn s 1:| 5 (A4)

by using the properties of the harmonic oscillator func-
tions ¢(x). The formula (A1) is only valid for #’'>#n.
L,*(x) is an associated Laguerre polynomial. An expres-
sion similar to (A1) can be found when #’<#% by using

(2.12). We can also obtain the useful sum rules

which we have used to simplify the matrix elements

the relations /Z‘;O Jwa*(@)=1, (AS)
Tuwn(=@)=Tun (@)= (=1)"""Twn(g).  (A2) 2, hg?
. . . 2 (W =n)Twa*(g)= . (A6)
Using the properties of the Laguerre polynomials, we /=0 M.
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The influence of an electric field on the second moment A(¢) of an exciton wave packet is calculated. The
following formula is derived: A(f)= (28/%2)[8-+2\1(B14C1) ]2, where A; is the (uniform) strength of the
field along the linear chain molecule and the term B;+C; depends on the parameters of the system. The
gradient of the electric field does not contribute to A(f). It is also shown that both the exciton electric dipole
moment and B;+C) vanish unless either some states of the units making up the chain (monomers) are parity
mixtures (as in molecules), or the coupling potential between monomers is not symmetric with respect to
the parity operators of pairs of adjacent monomers. It must also be required that the monomers have zero
static dipole moment for the state corresponding to the exciton.

INTRODUCTION THE SECOND MOMENT OF THE EXCITON

. . WAVE PACKET
N a previous paper, herein referred to as (A), the

author! has derived an expression for the acceleration
of an exciton wave packet due to an external electric
field. The acceleration was shown to be proportional to
the gradient of the electric field, the proportionality con-
stant being, therefore, interpretable as the exciton
electric dipole moment. In the present paper, we extend
the analysis by (a) investigating the effect of the electric
field on the rate of spreading of the wave packet, i.e., on
the second moment of the exciton distribution function,
and (b) carrying out a brief evaluation of some of the
derived physical constants of the theory, including the
exciton dipole moment. All assumptions of the first
paper are preserved.

1 A. Bierman, Phys. Rev. 130, 2266 (1963).

We define the second moment by
AD=2r &t Th— (@) P=2r &8 — @p. (1)

The average position (x) can be trivially calculated from
Egs. (17) and (71) of (A). Since the wave packet moves
with constant acceleration e, and the initial velocity v, is
given by

1
'l)o=%t—1: kZ:t Hkl(k—l)fk*(o)fl(o)

1
=— Z (k—l)Hk15k0510=0 5 (2)

hi kil
we find
(x)=%at®.
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But ais proportional to \,, the electric field gradient. To
first order in A, then,

A(t)= (@) =21 &/ . (3)
£ ()= Er()+Mni (1),

where £5(¢) is the zero-field exciton amplitude; hence,

A(t)= (x®)+2\ Re 20 kPnadi™, )

(@)= 1 FPErtr*. ()

But

where

(i) Calculation of (x¢?)

We now use an identity given by Magee and
Funabashi,?

Ec() = e Ih(—4) ¥ 1y (28t/7) , (6)

for a very long chain where J), is a Bessel function of
order |k|; Eq. (6) can also be proved from Egs. (11)
and (13) of (A) by using the relation,

exp(—iy cosg)=Jo(y)+2 i Tu(y) cosme(—i)m. (1)

We shall use (6) from here on, with « set equal to zero,
without loss of generality.
Hence, from (5) and (6),

(x®)= f BT gy (y) =2 ‘E kI (v), ®)

=—Q k=1
where y=28t/%. Repeated application of

(a) kT (v)=3v[Je1tT ki1,
)

Y
(b) IV oS kp1=3v4T *— / aJ 2 (x)dx,

0

leads finally to
(wd)=37". (10)

Equation (10) follows from the assumption that the
chain is essentially infinite, i.e., Jo(v)=0 for all finite
v (or £), where Q is the index of the chain ends. This
result was also given in Magee and Funabashi. Hence,

A(t) = (Zﬁztz/h2)+2)\ Re Zk k27’)k§k*. (11)

(ii) Formula for n;

To find the differential equation for »;, we use Egs.
(36) and (41) of (A):

Zm H,, (Em_*_ )\nm> =i (a/at) (Er“” >\"77) )

12
Hrml = H7m+ )\hrm 5 ( )
with the conclusion that
Zm Hrmnm+2m hrmsz (2 (aﬂr/at) (13)

m;ﬁ. Magee and K. Funabashi, J. Chem. Phys. 34, 1715 (1961).

ARTHUR BIERMAN

for all », with #,(0)=0. It is easy to show that £,/ is
properly normalized, since Re (2, £*,)=0. The solu-
tion of (13) is given by the following:

Theorem:

- ¥ 5 % 1(_iﬁ)"(")
” _ﬁiM=~Q n=0 p=0 !\ 7 P
Xhrin 2o / £n(r) (1—r)dr. (14)

Proof: Define two operators E,, F, such that, for any
function ¢,
Eipr=crs1,
F7¢r= ¢r—-1 .

Obviously E, and F, commute. Using Eq. (12) of (A)
in (13) results in

(15)

01,
at

B 1
-——:(Er‘l"Fr)?]T:—. Zm hrmgrru (16)
#i hi

This first-order, nonhomogeneous differential equation
can be solved by the usual methods, treating E,+F, as
a constant coefficient in (16). The formal solution is

1 t
n()=— /0 dr S £nll)
Xexp[ (—i/B)B(E,+F,) (t—7)Jhem. (17)
Now
exp[ — (i/)B(E~+F,)(1—7)]
o (—iB\" (= 7)"
-Z(5) S
where
n /N
(E4F)r= 3 < >E/“PF,P. (18)
=0 \p

Since E,* PF,?hum="lropinm Eq. (14) results im-
mediately.

(iii) Evaluation of the A, part of n:

To evaluate (14), we turn to Eq. (58) of (A) which
gives the A in terms of certain coefficients 4, B, and
C. In particular, the dependence on the A\; part of the
electric field is given by

Masm=A1{0smA 1+ C1+ (0smyp1+0sm—1)B1} .

Consider now first the contribution of 4;.
Theorem: The contribution of 4; to A(f) is zero.
Proof: The A1 term of (19), when placed into Eq. (14)

yields
1 0 n 1
52 G)C)

7@ (;) =
/ EH_nﬁzp(t— 7') ndr. (20)
0

(19)



file:///hJ/pJ

EFFECTS OF ELECTRIC FIELD ON MOLECULAR EXCITONS

Now examine only the dependence of %, on
i=(—1)12. From Eq. (6), £rpn_2p goes as (—i)Irtn22l
so that 7,®(¢) is proportional to (—3z)»t1(—4)lr+=—22l
which means (—1%) (—2)%". Since &,* goes as (+1)!"1, the
product &,*n,® is pure imaginary thus yielding no con-
tribution to A(¢), as defined by Eq. (11).

Now consider the \1C; term. Its contribution to 9,(¢),
defined here as 7,® (¢) is obviously

o=t 2225 50)
x/ol dr(i—7)"En(r). (1)

n In
Now use the relation that 3 ( >=2"; Eq. (21) be-
4

p=0
comes then
)\1C1
7,® () =—
hi

x / exp[— QiB/W) (1—7)] 3 En(r)dr. (22)
0

m=—Q
Q
The sum lim > &,(r) can be easily evaluated from
Q-0 m=—Q

Eq. (7). Setting ¢=0 and remembering Eq. (6), leads to

Q
lim > &n(r)=exp(—2i87/%).

(23)
Q>0 m=—@Q
Hence, in (22),
7, ()= (\Cr/h3)t exp[ — (218/h)¢] . (24)

Now consider the contribution of N\1B1(8smy1F0sm—1) to
7r, here called 7,® (¢). From (14),

il S 1<16><”>
o B i n=0 p=0 m!\ 7 P

X {/ (r—=O"[Erpn—2p—1(D)F Erpn2pi1] dT] . (25)

By virtue of Egs. (8) and (12) of (A), this becomes

)\1_31 © n 1 ’Lﬁ nIn
woo-—2% £ —(2)(")
B m=0p=on!\7%/ \p

‘ O rin
x/ (r— )2
0 0

T

(26)

Now set s=n—2p; from the limits of p and =,
— 0<s<+ o, Consider a given £..,: What is its
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coefficient? To determine this, we realize that for any »
there must exist a p such that p=%(n—s), but pisanon-
negative integer less than # ; hence #> | s|, and further-
more must be summed in steps of two: ie., n=|s|,
|s|+2, ---. This enables us now to rewrite (26) as
follows:

(3)() MB1 i i 1(1,3)"( n )
Nr 1)= e —
B s=wa=lsin!\h/ \tn—1is

x / by () (r—d)dr,  (27)

where )" means sum in steps of two only. If we write
”
out , one gets now
1, 1
2N—73S

MBi = [t
nO@O="t 3 / 0
B =ty .

s ! [_# t )Td (28)
S Gt Gt L 7o 1T

Now consider s>0, and set g=3n—%s; hence,

°°II 1 r_l:ﬁ B n
E Gl ¢ ’>]

o (=Deps  pee
=(—i) Y ——— =) | . @
(=9) E)ql(q"l"s)![h(t ):| (29)

In this form Eq. (29) can now be recognized to be just

equal to (—1)sJ,[ (B/h)(t—1)].

Similarly consider s<0, and let ¢=%#n+3}s. Hence,

>, 1 r#® 1
5 ~( a]

n=s (bn—19)1Gn+is) L
o (=1 B 2g+] s
—| —(—7
qgo q!(q—l—[sl)![ﬁ( ):l
= (=)l [L(8/7) (t—7)].

Inspection shows that for s=0, the series is just

Jo[(8/%) (t—)]. Hence,

= (—q)lel

(30)

1 ® ()= (\By/B)

§=—00

t
(—d)irtaltisl g,
0

d
X [b(f—f)]d—flml (br)dr, (31)

T

where b=8/%, and we have used Eq. (6).
To simplify further discussion, let {=25¢, and Z=b7;
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using the well-known relations for J;'(z), (31) becomes

4
(—d)Ir+sltisl T

7@ (£) = (\1B1/28) i

s=—00 [

X =2 irrsim1— T o411z,

To evaluate (32), consider separately the terms for
which s is less than or equal to —7, the terms for which
s is between —7 and 0, and the terms with 0<s. It
follows immediately that

(32)

MBr ot o
2OO=i [ (LG
2 0
—J =) raa(2) ]} (33)
Now use the Schlifli formula,
Jo@t+)= 2 (=D"Tus(Tu(2), (34)
which results finally in
B dE,
7@ () =——1—. (35)
B di

(iv) Evaluation of the X, part of

The \; part of the electric field contributes to /sm the
terms
>\2hsm=)\2[8mA 25.gm+mcz+SC2*

+ (Bsm+1+6sm—1) <MB2+SB2*):| . (36)

We can neglect the 4, contribution because it yields
only an imaginary »,® (#)&*(¢) by the same argument
as before.

Now consider the contribution of the term mCy+sCy*.

Its evaluation is greatly simplified by going back to
Eq. (18) and noting that one could have written

(EAF)= (Z)EF— (37)

)

X/ (t—7)n(r)dr, (38)

This enables us now to rewrite (14)

7.(0)= (1/27) Z > Z(—fﬁ/h)"

m=—Q n=0 p=0

X [l’lr—2p+n, m+h7'+2p—n, m:]

S 3 (—iB/i)r

Q n=0 p=0

1 e
777(5) (t):* =Z—

1/n
—*< ) (WLC2+7C2*)
him n!\p

X/ (t—7)"n(r)dr. (39)
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Q
> mén=0 by sym-

m=Q

The C, term vanishes because

metry. The contribution of C»* vanishes in A (¢), because,
from (39),
7, ()=rD(t) (40)

and therefore,

Z @ E*(H)=0,

r=0Q

(41)

again by symmetry.

We will now prove that the contribution of the B.
terms to A(f) is also zero. We start with an 2,® (f) by
introducing the B and B,* terms of (36) into (14), with
the result,

= 2(=) ()

X [6r-2p+n, m+1+6r—2p+n, m—l]

ﬂr(6) (lf)—

X [mBa+(r— 2p+n)Bz*]/ Adr(t—7)"¢n. (42)

This leads immediately to

- (6)(;)—% E<_:3> ",(p>

0
X (t=7)"(Er2prn-1tEraprni1)
t
[ dr(t—an@r_mm—sr_m,,_l)} 43)
0

Consider I1(¢). We again replace £,—sptn—1FE—2ppni1 by
(%1/B)€+—2p1n and then change variables from (#,p) to
(n,s) where s=n—2p. The argument is here identical to
that in Egs. (26) to (31). We therefore find

1 w ¢
I(i)=5 E (r+s)/ Erpsbidr. (45)

Its contribution to A(¢) will, therefore, have the form

Q ©
A~ 2 X

r=—Q s=—0

1’2(S+r)gr*/ ér+s£sd7' (46)
0

It is clear from inspection that Ap is of the form D", ; F,,
where F_,_,= —F,;; (46) is, therefore, zero.
Now consider II(¢). We rewrite it by using part (a) of
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Eq. (9), with y=287/%. One can then easily show that

§ropini ("') —Eropint (T)

h
=[—3—(—i)(r+n~2p)5+n_zp(r)- (47)

Hence,

()~ z<:;> %(") (r+n—2p)

" ’ tdr
X/ —(t—' 7') "Eryn—2p -
0

T

(48)

Again change from (n,p) to (u,s), with the result that
(48) becomes

o ¢ dr

II(t)N Z (T+S) £r+s£s"“-

§=—00 0 T

(49)

But, by the same argument as in (46), its contribution
to A(#) vanishes.

We, therefore, conclude that the \s part of the electric
field does not contribute to A(f).

(v) Calculation of A(?)

We now calculate the contributions of (24) and (35)
to A(f). We have

222

A()=

+2)\1 Re Z k2fk*
h? %

Cy B, d§,
X[—t exp— (Ziﬁt/h)-f——t——:l . (50)
fir B dt

The following theorem is helpful:
Theorem:

SO=2 k&*=1i(26t/h) exp(2it/7).  (51)

Proof: Consider Eq. (7) and differentiate twice with
respect to ¢. The result is

iy exp(—1y cosp) (cosp+17y sinzp)
=—=2 3 (—i)"J n(y)m? cosme.

m=1

(52)

Now set ¢=0 and take the complex conjugate of the
resulting equation. We find

iye =23 m(—1)"m T m(y). (53)
This proves the theorem.
Further consider
Re % E*Eki=3 Zk“. R (Ex*ExtEx6r®)
=E i 2 kBE* g, (54)
24t &
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hence,

1.d/28%% 28?
Re 3 &t tpke=— ‘—( > =—1
k 2 di\ 7? h?

(55)

from (10). Combining now (51) and (55) with (50)
leads to

23%? Cy 20t
Alt)= ——h~2—+ 2\ Re< . - exp— (ZiBt/h)i—;l— exp (2i8t/ 1)

i
B 2
+2—lf—t> . (56)
B #

28

A(t)=?[6+>\12(B1+C1)]- (57)

We can then conclude that the \; part of the electric
field does modify the second moment of the exciton
wave packet. The specific manner in which it does so,
depends on the value of B1+4-C;.

We now turn to a partial evaluation of the coefficients,
so far derived in the theory.

THE PHYSICAL CONSTANTS OF THE THEORY

In (A) it was shown that the exciton dipole moment is
proportional to Bs+C:; here we have shown that the
effect of the electric field on the spreading rate depends
on B;+4C;. These coefficients are defined through Egs.
(47), (49), (55), and (57) of (A). Inspection of these
reveals some information about these constants.

From the defining relations, we have

)\1(.Bl+C1)= —eNi2 Re{ Z Zvlﬁo‘(el—€y>_l

70,1

+Zo1Voler—eo) ™}, (58)
where )
Bo=(e1()| V[ X.(s+1) IT" Xo(5)),
j#s+1
Vo={(e1(s)| V| X, (s+1) II" Xo(5))-
jFEst1
Hence, Vo=, and (58) can be simplified to read
)\1(B1+C1)= —2eM Re Z Zlev(fl—ed)_l- (60)
g#1
Similarly,
)\2(B2+CZ)=)\2 Z wo‘le
g7l
=—2e\2 Re 3 Zofo(e1—e) 'R, (61)

o#1

so that By+C,; and B;+4C, are proportional to each
other by the factor (\o/A\1)R, where R is the distance
between successive unit centers.

Now, from Eq. (54),

Zo= ‘é(o(s)lZm’l 1(5)), (62)
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where m is the index labeling the 7 electrons of the
atomic or molecular units making up the chain, o(s)
refers to the state ¢ of the sth unit and Z,/ is the Z
coordinate of the mth electron relative to its nucleus.
Furthermore, from (59) and from Egs. (3) and (4) of (A)

5v=(X1(S)lI} XoD)|V]Xe(s+1) IT" Xo(5))

J#s+1

=(X1(s)Xo(s+1)| V (s, s+1)| Xo(s+1)Xo(s)) (63)
if o is not zero, and, for =0,
Bo=2(X1() Xo(s+1)| V (s, s+ D[ Xo(s+1)Xo(s)). (64)

The factor 2 in (64) arises because both V (s, s4+1) and
V(s,s—1) yield a nonzero matrix element. It follows
then from (61), (62), and (63) that B;+C; and Bs+Cs
consist of sums of products of the form

aﬁgmmmw

XX 1) Xo(s+1) |V (s, s4+1)| Xo(s+1)Xo(s))

X (61—' Eq)_l . (65)
The following theorem can now be easily proved:
Theorem: If (a) all states of a given monomer (atom
or molecule making up the chain) are eigenstates of
parity about the x, y plane passing through the monomer
origin, i.e., ®u|a(s))=(x1)|a(s)), and if (b) the
coupling potential V (s, s+1) is a symmetric operator
with respect to ®;)®Psy1 [where ®( is the parity
operator with respect to the origin of the sth monomer
and ®,;; with respect to the origin of the (s+1)th
monomer |, i.e., ®s71®sy IV ®®sp1=V, then G,=0.
Proof: From the assumptions of the theorem, we have

(@) Zn' [ 1(5))= = (o ()| @7 Zn/®s[ 1(5))

= —(0u(9)| 2 |®1(5)).  (66)

To be nonzero, |o(s)) and | 1(s)) have opposite parity.
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Now:

(X1 ()X o(s+ D[V (s, s+ 1) Xo(s+1)Xo(s))
=(X1() Xo(s+ 1) | @@V OP 1| X o (s+1) Xo(s))
= (@ X1(5) P 1 X o (s+1) | V] @oyr X o (s 1)@, X o (5) )
=(®:X1()Xo(s+ 1| V|®s1 X o (s+1) Xo(s))
= —(X1(5)Xo(s+ D[ V]| Xo(s+1)Xo(s)),

thus proving the theorem.

Since all isolated atomic states are eigenstates of
parity, we can conclude for systems of identical atoms
coupled by a parity-symmetric V, that an electric field
will not influence exciton wave packets in the manner
considered. But, if the units or monomers making up
the crystal or giant molecule are molecules with struc-
ture, so that their stationary states are not eigenstates
of parity, orif V is not the specified symmetry operator,
then an effect can be anticipated. If the monomer states
are not eigenstates of parity, the static monomer dipole
moment may not vanish. On the other hand, as shown
in Eq. (33) of (A), the particular state for which an
exciton arises, say the first excited state, must have a
zero, or vanishingly small static dipole moment. Other-
wise the coupling of this moment to the gradient of the
electric field produces an energy difference between
different monomers of the chain, thus destroying the
identity of the units. In view of the previous paragraph,
the absence of this particular static dipole moment now
becomes a separate requirement.

These conclusions follow immediately from the con-
sideration that we are looking at an effect which depends
both on the electric field and the exciton, but is pro-
portional to N\ to the first power only. The exciton
property therefore, e.g., the dipole moment, if it is to
have a spatially preferred direction, must derive this
from an asymmetry inherent in the monomer structure.
This requires the monomer state to be a parity mixture,
for otherwise such a preferred direction would not exist.
More specific information about these coefficients prob-
ably depends strongly on the model assumed.
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